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Abstract. Let S be a closed, orientable surface of genus at least 2. The space Tjj x MC, where Th is the 
"hyperbolic" Teichmiiller space of S and MC is the space of measured geodesic laminations on S is naturally 
a real symplectic manifold. The space CP of complex projective structures on 5 is a complex symplectic 
manifold. A relation between these spaces is provided by the Thurston's grafting map Gr. We prove that this 
map, although not smooth, is symplectic. The proof uses a variant of the renormalized volume defined for 
hyperbolic ends. 



1. Introduction and main results 

In all the paper S is a closed, orientable surface of genus g at least 2, T is the Teichmiiller space of S, CP 
the space of complex projective structures on S, and MC be the space of measured laminations on S. 

1.1. The "hyperbolic" Teichmiiller space. There are several quite distinct ways to define the Teichmiiller 
space of S, e.g., as the space of complex structures on S, or as a space of (particular) representations of tti(S) in 
PSL(2, R) (modulo conjugation). In this subsection we consider what can be called the "hyperbolic" Teichmiiller 
space, defined as the space of hyperbolic metrics on S, considered up to isotopy. In this guise it is sometimes 
called the Fricke space of S. Here we denote this space by Th to remember its "hyperbolic" nature. This 
description emphasizes geometric properties of T, while some other properties, notably the complex structure 
on T, remain silent in it. 

There is a natural identification between Th x MC and the cotangent bundle of Th, which can be defined 
as follows. Let I e MC be a measured lamination on S. For each hyperbolic metric m G Th on S, let L m {l) be 
the geodesic length of I for m (as studied e.g. in |Ker83l IWol87| ). Thus to i— > L m (l) is a function on T, which 
is differentiable. For mo € Th , the differential of to i— > L m (l) at too is a vector in T*Th, which we call 5(m, I). 
This defines a function 5 : Th x MC — » T*Th, which is the identification we wish to use here. It is proved in 
section 2 (see Lemma l23|l that 5 is indeed one-to-one (this fact should be quite obvious to the specialists, a 
proof is included here for completeness). It was proved by Bonahon (see |Bon96] ) that S is tangentiable, that 
is, the image by S of a tangent vector is well-defined. Moreover the tangent map is invertible at each point. 

Let u>h denote the cotangent symplectic structure on T*Th- The map S can be used to pull-back to u>h to 
Th x A4C, therefore making Th x AiC into a symplectic manifold. Somewhat abusing notations, we call u>h 
again the symplectic form on Th x M.C obtained in this manner. A more involved but explicit description on 
luh on T/j x MC is recalled below in subsection 11.81 

Note that the identification 5 between Th x ML and T*Th is not identical with the better known identifi- 
cation, which goes through measured foliations and quadratic differentials, see e.g. |FLP91j . 

1.2. The "complex" Teichmiiller space and complex projective structures. We now consider the "com- 
plex" Teichmiiller space of S, denoted here by Tj, which is the space of complex structures on S. Of course 
there is a canonical identification between Th and Tc — there is a unique hyperbolic metric in each conformal 
class on S. However, as this map is not explicit, it appears helpful to keep in mind the distinction between the 
two viewpoints. Note that the term "complex" could be used here in two different, albeit related meanings. One 
is the above definition of Tc as the space of complex structures on S. The other is related to the well-known 
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deformation theory of Tc in terms of Beltrami differentials. It is in this point of view that the complex struc- 
ture on Tc becomes manifest. So, it is useful to keep in mind that the "complex" refers both to the complex 
structures on S and on Tc itself. 

Now let CP denote the space of (equivalence classes of) CP 1 -structures (or complex projective structures) on 
S. Recall that a (complex) projective structure on S is an maximal atlas of charts from S into CP 1 such that 
all transition maps are Mobius transformations. Such a structure naturally yields a holonomy representation 
hoi : iri(S) — > PSL(2,C), as well as an /ioZ(7Ti(S'))-equivariant developing map dev : S — > CP 1 . 

There is a natural relation between complex projective structures on S and complex structures along with a 
holomorphic quadratic differential on S. Thus, let a be a complex projective structure on S, and let <jq be the 
"Fuchsian" CP 1 -structure on S obtained by the Fuchsian uniformization of the complex structure underlying 
a. Then the Schwarzian derivative of the complex map from (S, ao) to (S, a) is a quadratic differential q on S, 
holomorphic with respect to the conformal structure c of both a and ao, and the map sending a to (c, q) is a 
homeomorphism, see e.g. |Dum0 8, McMOO]. 

Recall also that the space of couples (c, q) where c is a complex structure on S and q is a quadratic holomorphic 
differential on (S, c) is naturally identified with the complexified cotangent bundle of Tc, see e.g. |Ahl66| . Thus, 
CP is naturally a complex symplectic manifold. We denote the associated (complex) symplectic form by wc, 
and its real part by ll>c- 

An equivalent way to describe the complex symplectic structure on CP is via the holonomy representation. 
This viewpoint naturally leads to a complex symplectic structure on CP, see [Gol84], defined in terms of the 
cup-product of two 1-cohomology classes on S with values in the appropriate Lie algebra bundle over S. We 
call this complex symplectic structure ujg here. The fact that this complex symplectic structure is the same 
(up to a constant) as cue was established by Kawai [Kaw96] . 

Note that Kawai [Kaw96j uses another way to associate a holomorphic quadratic differential to a complex 
projective structure on S, using as a "reference point" a complex projective structure given by the simultaneous 
uniformization (Bers slice) instead of the Fuchsian structure ao- This identification is not as canonical as the 
one above, as it depends on a chosen reference conformal structure needed for the simultaneous uniformization. 
It turns out that the symplectic structure obtained in this way on CP is independent of the reference point 
and is the same as the one coming from the above construction using the Fuchsian projective structure ao, see 
Lemma l4.8l 

1.3. The grafting map. The "hyperbolic" and the "complex" descriptions of Teichmuller space behave differ- 
ently in some key aspects, and it is interesting to understand the relation between them. Such a relation is 
given by the well-known grafting map Gr :Th X MC i— > CP. 

The grafting map is defined as follows. When m £ Th is a hyperbolic metric and / G MC is a weighted 
multicurve, Gr/(m) can be obtained by "cutting" (S,m) open along the leaves of I, gluing in each cut a flat 
cylinder of width equal to the weight of the curve in I, and considering the complex projective structure 
underlying this metric. This map extends by continuity from weighted multicurves to measured laminations, a 
fact discovered by Thurston, see e.g. |Dum08] . Out of Gr one can obtain a map from the Teichmuller space 
to itself by fixing a measured lamination I G MC and reading the conformal structure underlying Gri(m), 
this map is known to be a homeomorphism, see jSW02] . Grafting on a fixed hyperbolic surface also defines a 
homeomorphism between MC and T , see [DW07J. 

It is possible to compose S^ 1 : T*Th —* Th x MC with the grafting map Gr : Th x MC — > CP. The resulting 
map between smooth manifolds is tangentiable by the results mentioned above, but turns out to be smoother. 

Lemma 1.1. GroT 1 : T*T H -> CP is C 1 . 

The proof is in section 2. 

Our main result in this paper is that this composed map is symplectic. This can be stated as follows, using 
the symplectic structure induced on T x MC by loh- 

Theorem 1.2. The pullback of the symplectic form ujc on CP by the grafting map is the form ujh on Th x MC, 
up to a factor of 2: Gr*Luc — 2luh- 

The meaning of the theorem is easier to see when considering the composed map Gr o S^ 1 : T*Th — * CP. 
Since this map is C 1 by Lemma [HU one can use it to pull back the symplectic form ojc- 
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What the proof shows is that the image by Gr of the Liouville form of 2u>h is the Liouville form of ujc plus 
the differential of a function. Below we shall give an alternative statement of the above theorem in terms of 
Lagrangian submanifolds. 

Our proof of Theorem 11,21 is based on geometrically finite 3-dimensional hyperbolic ends. We recall this 
notion in the next subsection. 

1.4. Hyperbolic ends. 

Definition 1.3. A hyperbolic end is a 3-manifold M , homeomorphic to S x M>o, where S is a closed surface 
of genus at least 2, endowed with a (non-complete) hyperbolic metric such that: 

• the metric completion corresponds to S x R>o, 

• the metric g extends to a hyperbolic metric in a neighbourhood of the boundary, in such a way that 
S x {0} corresponds to a pleated surface, 

• S x M > o is concave in the neighbourhood of this boundary. 

Given such a hyperbolic end, we call 8qM the "metric" boundary corresponding to S x {0}, and c^M the 
boundary at infinity. We call Gs the space of those hyperbolic ends. 

It is simpler to consider a quasifuchsian hyperbolic manifold N. The complement of its convex core is the 
disjoint union of two hyperbolic ends. However a hyperbolic end, as defined above, does not always extend to a 
quasifuchsian manifold. Note also that the hyperbolic ends as defined here are always convex co-compact, so our 
definition is more restrictive than others found elsewhere, and the longer name "convex co-compact hyperbolic 
end" would perhaps be more precise. We do not consider here degenerate hyperbolic ends, with an end invariant 
which is a lamination rather than a conformal structure; the fact that S x {0} is a convex pleated surface in 
our definition prevents the other end from being degenerate at infinity. 

There are two natural ways to describe a hyperbolic end, either from the metric boundary or from the 
boundary at infinity, both of which are well-known. On the metric boundary side, 8qM has an induced metric 
to which is hyperbolic, and is pleated along a measured lamination I. It is well known that m and I uniquely 
determine M, see e.g. |Dum08| . 

In addition, c^M carries naturally a complex projective structure, a, because it is locally modelled on the 
boundary at infinity of H 3 and hyperbolic isometries act at infinity by Mobius transformations. This complex 
projective structure has an underlying conformal structure, c. Moreover the construction described above 
assigns to dooM a quadratic holomorphic differential q, which is none other than the Schwartzian derivative of 
the complex map from (5, <jq) to (S,a), It follows from Thurston's original construction of the grafting map 
that a = Gri(m). 

1.5. Convex cores. Before we describe how the above hyperbolic ends can be of any use for the questions 
considered in this paper, let us consider what is perhaps a more familiar situation. Thus, consider a hyperbolic 
3-manifold with boundary N, which admits a convex co-compact hyperbolic metric. We call G(N) the space 
of such convex co-compact hyperbolic metrics on TV. Let g £ Q, then (N,g) contains a smallest non-empty 
subset K which is geodesically convex (any geodesic segment with endpoints in K is contained in K) , its convex 
core, denoted here by CC{N). CC{N) is then homeomorphic to N, its boundary is the disjoint union of closed 
pleated surfaces, each of which has an induced metric which is hyperbolic, and each is pleated along a measured 
geodesic lamination, see e.g. [EM86J. So we obtain a map 

i' : Q{N) -> T H (dN) x MC{dN) . 

Composing %' with the identification 5 between Th X MC and T*Th, we obtain an injective map 

i : G(N) — > T*Th{3N) . 

Theorem 1.4. i(G(N)) is a Lagrangian submanifold of (T*Th (8N),ujh)- 

The map i is not smooth, but as the map 5 defined above it is tangentiable (see |Bon98al IBon98b] ). The 
natural map from G(N) to the space of complex projective structure on each connected component of the 
boundary at infinity is smooth, and it follows from Theorem 12.41 that i is C . 

The proof given below shows that the restriction to i(G(N)) of the Liouville form of T*Th{0N) is the 
differential of a function. 
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The reason for considering convex cores in our context will become clear in the next two subsections. 

1.6. Kleinian reciprocity. There is a direct relationship between Theorem 11.41 and Theorem 11.21 in that 
Theorem 1 1.41 can be considered as a corollary of Theorem 11.21 This goes via the so-called "Kleinian reciprocity" 
of McMullen. Thus, consider a Kleinian manifold M, and let Q(M) be the space of complete convex co-compact 
hyperbolic metrics on M. Each g S Q{M) gives rise to a projective structure on the boundary at infinity dooM . 
This gives an injective map j : Q(M) —* T*Tc{dooM). 

Theorem 1.5 (McMullen [McMOO] ). j(Q(M)) is a Lagrangian submanifold of {T*T c {dooM),ujc) ■ 

This statement is quite analogous to Theorem 11.41 with the only difference being that the "hyperbolic" 
cotangent bundle at boundaries of the convex core is replaced by the "complex" one. This statement (under a 
different formulation) is proved in the appendix of [McMOOj under the name of "Kleinian reciprocity", and is an 
important technical statement allowing the author to prove the Kahler hyperbolicity of Teichmiiller space. 

Let us note that Theorem 11.41 is a direct consequence of Theorem 11.51 and of Theorem 11.21 This will become 
more clear below when we present another statement of Theorem 11.21 Below we will give a direct proof of 
Theorem 1 1.4( thus also giving a more direct proof of the Kleinian reciprocity result. 

Using the result of Kawai [Kaw96] already mentioned above, Theorem 11.51 is equivalent to the fact that the 
subspace of complex projective structures on dN obtained from hyperbolic metrics on N is a Lagrangian sub- 
manifold of (CV(dN), Re(u>G)), a fact previously known to Kerckhoff through a different, topological argument 
involving Poincare duality (personal communication). 

1.7. A Lagrangian translation of Theorem 11.21 In a similar vein to what we have done above, let us 
consider the space Qs of hyperbolic ends. Each such space gives a point in Th xM£ for its pleated surface 
boundary, and a point in T*Tc for its boundary at infinity. Thus, composing this with the map S we get an 
injective map: 

k : G -> T*T H x T*T C . 
Our main Theorem 11.21 can then be restated as follows: 

Theorem 1.6. k(Q) is a Lagrangian submanifold of T*Th x T*Tq. 

We will actually prove our main result in this version, which is clearly equivalent to Theorem 11.21 Let us 
stress again that k(Q) is not smooth, but only the graph of a C 1 map. 

1.8. The intersection form and u>jj. An efficient "combinatorial" description of Ty was given in the work of 
Thurston on earthquakes. Later, a powerful analytical realization of the same ideas was developed in a series 
of papers by Bonahon [Bon96j, HouOf). The earthquake description of Th is somewhat related to a much 
earlier parametrization of the same space in terms of the Fenchel-Nielsen coordinates, whose idea is to glue a 
Riemann surface from pairs of pants, the pants being characterized by the length of their boundary components 
and the gluing being characterized by "twists parameters". Thurston's earthquake description of Th describes 
a hyperbolic metric m € Th as obtained by a left earthquake on a measured lamination from another base 
hyperbolic metric mo. It is remarkable that this measured lamination completely determines the earthquake, 
and is in turn completely determined by the two metrics to, too 6 Th. 

Thus, in Thurston's description the hyperbolic Teichmiiller space is parametrized by the space of measured 
geodesic laminations. However, the space MC does not possess a natural differentiable structure, which makes 
the analysis on this space hardly possible. One of the key achievements of the works of Bonahon [Bon96j, 
|Bon97] was to develop the calculus on MC using M-valued transverse cocycles or, equivalently, transverse 
Holder distributions for geodesic laminations. Essentially, Bonahon gave a very elegant description of the 
tangent space to MC. This allowed him to provide a characterization of the space Th itself as homeomorphic 
to an open cone in a vector space H(A,R) of R- valued transverse cocycles for a lamination A, see Theorem 
A in |Bon96j . and also prove that the vector fields tangent to MC are Hamiltonian vector fields with respect 
to Thurston's symplectic structure on 7i(A,R), with the Hamiltonian function being essentially the hyperbolic 
length, see in [Bon96j . 

In a later work Bonahon and Sozen [SB01] established that the Thurston's symplectic form on W(A,R) is 
(up to a constant) an image of the Weil-Petersson symplectic form on Th under the homeomorphism of this 
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space into W(A,M). The proof goes through Goldman's characterization of the Weil-Petersson symplectic form 
in terms of a cup product in a twisted cohomology group [Gol84j. Thus, Bonahon's description of Th in terms of 
shearing coordinates can be said to provide a symplectic map from Th with its usual Weil-Petersson symplectic 
form to the vector space Ji (A, R) with its Thurston's symplectic form. Theorem 11.21 can be construed as an 
analog concerning related but twice bigger spaces: on one hand Th x A4C, on the other the space CP of complex 
projective structures on S. 

The space Th x MC is naturally a real symplectic manifold. The length function has an extension L m : 
H(X, M) -> 1,| g 7i(A,R) — > L m (l) £ 1 to geodesic laminations with transverse cocycles, where it can be 
interpreted as a differential of the corresponding function on ML, see |Bon96| . Now, given a vector field m 
tangent to Th we obtain a pairing ^(i) as the derivative of L m (l) in the direction of to. Consider the following 
two-form on Th x M.C: 

(1) uj' H ((mi,h), {m2,h)) = Lmiih) - L^ 3 (h). 

Lemma 1.7. lu' h = ujh ■ 

Proof. Let (to, Z) G 7~ x AAC, then 5(m, I) — (m, dL.{l)) G T*Th- Denote by (5 the Liouville form of (T*T Hl uj h ), 
so that, if (to, u) G T*Th and (to,u) G T^ m u ^T*Th , then 

/3(to, u) — u{m) . 

If (to,/) G T(T x M-C) then (3(d5(rh,l)) = Lm(0- This corresponds precisely to the Liouville form of u>' H , the 
result follows. □ 

1.9. Another possible proof ? Let us note that an alternative proof that only uses 2-dimensional quantities 
may be possible, based essentially on the result of [SBOljQ For this one would need to extend the ideas developed 
in this work to shear-bend coordinates onTjjX M£, and show that the symplectic form ujh on H(X, M) extends 
to a complex symplectic form on the vector space of complex- valued cocycles for A. Presumably this complex 
symplectic form would then coincide with the complexified Thurston symplectic form on H(X, C). 

According to (SBOlj . Thurston's symplectic form on 7i(A,R) is equal to the Weil-Petersson symplectic form 
on the real character variety. This equality should extend to the complexified Thurston symplectic form and 
the Weil-Petersson symplectic form on the complex character variety, because both are holomorphic. 

But it was proved by Kawai |Kaw96j that the Weil-Petersson form on the complex character variety corre- 
sponds to the complex symplectic cotangent symplectic form on T*Tj, and Theorem 11.21 should follow. 

Note that this line of reasoning is quite different from the the proof considered below, which uses mostly 
the Bonahon-Schlafli formula in Lemma 12.11 (or more precisely the dual formula in Lemma 12.21) . Therefore the 
arguments outlined in this subsection could be combined with those developed below, for instance to obtain a 
new proof of Kawai's result [Kaw96] from the results of [SB01] . holomorphic continuation, and the use of the 
renormalized volume. 

1.10. Cone singularities. One interesting feature of the arguments used here is that they appear likely to 
extend to the setting of hyperbolic surfaces with cone singularities of angle less than ir. One should then use 
hyperbolic ends with "particles", i.e., cone singularities of angle less than ir going from the "interior" boundary 
to the boundary at infinity, as already done in (KS07] and to some extent in [KS08]. 

Acknowledgements. The authors would like to thank Francis Bonahon for very useful and relevant comments, 
in particular for the arguments used in the proof of Lemma 12.21 We are also grateful to Stephane Baseilhac, 
David Dumas and to Steve Kerckhoff for useful conversations related to the questions considered here. The text 
was notably improved thanks to remarks from two anonymous referees, one of which suggested the content of 
subsection 11.91 
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2. The Schlafli formula and the dual volume 

In this section we recall the Schlafli formula, first in the simple case of hyperbolic polyhedra, then in the 
more involved setting of convex cores of hyperbolic 3-manifolds (as extended by Bonahon). We then deduce 
from Bonahon's Schlafli formula a "dual" formula for the first-order variation of the dual volume of the convex 
core. Finally we give the proof of Lemma fTTTl 

2.1. The Schlafli formula for hyperbolic polyhedra. Let P C H 3 be a convex polyhedron. The Schlafli 
formula (see e.g. |Mil94j l describes the first-order variation of the volume of P, under a first-order deformation, 
in terms of the lengths and the first-order variations of the angles, as follows: 

(2) dV = L * de e > 

e 

where the sum is over the edges of P, L e is the length of the edge e, and 9 e is its exterior dihedral angle. 
There is also an interesting "dual" Schlafli formula. Let 

e 

be the dual volume of P, then, still under a first-order deformation of P, 

(3) dV* = ~^9 B dL B . 

e 

This follows from the Schlafli formula ([2]) by an elementary computation. 

2.2. First-order variations of the volume of the convex core. In many ways, the convex core of a 
quasifuchsian manifold is reminiscent of a polyhedron, with the edges and their exterior dihedral angles being 
replaced by a measured lamination describing the pleating of the boundary, see e.g. |Thu80} |EM86| . 

Bonahon [Bon98aJ has extended the Schlafli formula to this setting as follows. Let M be a convex co-compact 
hyperbolic manifold (for instance, a quasifuchsian manifold), let fj, be the induced metric on the boundary of 
the convex core, and let A be its measured bending lamination. By a "first-order variation" of M we mean a 
first-order variation of the representation of the fundamental group of M. Bonahon shows that the first-order 
variation of A under a first-order variation of M is described by a transverse Holder distribution A', and there 
is a well-defined notion of length of such transverse Holder distributions. This leads to a version of the Schlafli 
formula. 

Lemma 2.1 (The Bonahon-Schlafli formula [Bon98a]). The first-order variation of the volume Vc of the convex 
core of M, under a first- order variation of M , is given by 

dV c = -MA') . 

Here A' is the first-order variation of the measured bending lamination, which is a Holder cocycle so that its 
length for /i can be defined, see [Bon96, Bon97, Bon98a, Bon98b|. 

2.3. The dual volume. Just as for polyhedra above, we define the dual volume of the convex core of M as 

Vc = V c - \l,(X) . 

Lemma 2.2 (The dual Bonahon-Schlafli formula). The first-order variation ofV* under a first-order variation 
of M is given by 

dVS = -\^(X) . 

This formula has a very simple interpretation in terms of the geometry of Teichmuller space: up to the factor 
— 1/2, dV* is equal to the pull-back by S of the Liouville form of the cotangent bundle T*Th. Note also that 
this formula can be understood in an elementary way, without reference to a transverse Holder distribution: 
the measured lamination A is fixed, and only the hyperbolic metric \i varies. The proof we give here, however, 
is based on Lemma [27X1 and thus on the whole machinery developed in [B on98a] . 
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Theorem 1 1.41 is a direct consequence of Lemma l2.2l since dV^ coincides with the Liouville form of T*Th{8N) 
on i(G(N)), it follows immediately that i{Q(N)) is Lagrangian for the symplectic form Uh on T*Th{3N). 

Proof of Lemma \2.S\ Thanks to Lemma \2. II we only have to show a purely 2-dimensional statement, valid for 
any closed surface S of genus at least 2: that the function 

L : T x MC -> K 
(fi,X) -> L„(A) 

admits directional derivatives, and that its derivative with respect to a tangent vector (//, A', ) is equal to 
(4) L,(\y = L^\)+L,(\>) . 

Two special cases of this formula were proved by Bonahon: when \x is kept constant [Bon97] and when A is kept 
constant [Bon96j. 

To prove equation Q, suppose that /it, At depend on a real parameter t chosen so that the derivatives f/ t , X' t 
exist for t = 0, with 

d+H _ i dX^ _ y 
dt |t=o ' dt |t=o 

We can also suppose that (rnt) is a smooth curve for the differentiable structure of Teichmiiller space. We can 
then decompose as follows : 

Lfj, t {X t ) - £ Mo (Aq) _ Lfj, t (X t ) - L Mo (A t ) Lfj, (X t ) - £ Mo (A ) 
i i t 

The second term on the right-hand side converges to L^X') by |Bon97] so we now concentrate on the first term. 

To prove that the first term converges to L^(A), it is sufficient to prove that L'^X) depends continuously 
on ii, fi' and on A. This can be proved by a nice and simple argument, which was suggested to us by Francis 
Bonahon. /i can be replaced by a representation of the fundamental group of S in PST^C), as in [Bon96j. For 
fixed A, the function /i — > L^(X) is then holomorphic in and continuous in A. Since it is holomorphic, it is 
continuous with respect to fi and to //, and the result follows. □ 

2.4. A cotangent space interpretation. Here we sketch for completeness the argument showing that the 
map S : Th X M.C — ► T*Th defined in the introduction is a homeomorphism. This is equivalent to the following 
statement. 

Lemma 2.3. Let mo G Th be a hyperbolic metric on S . For each cotangent vector u 6 T*Th, there exists a 
unique I £ M.C such that the differential of the function m t— > dL m (l) is equal to u at too. 

Proof. Wolpert |Wol83j discovered that the Weil-Petersson symplectic form on Th has a remarkably simple 
form in Fenchel-Nielsen coordinates: 

lowp = J]] dLi A dOi , 

i 

where the sum is over the simple closed curves in the complement of a pants decomposition of S. A direct 
consequence is that, given a weighted multicurve w on S, the dual for ujwp of the differential of the length L w 
of w is equal to the infinitesimal fractional Dehn twist along w. 

This actually extends when w is replaced by a measured lamination A, with the infinitesimal fractional Dehn 
twist replaced by the earthquake vector along A, see [Wol85t ISB01| . So the Weil-Petersson symplectic form 
provides a duality between the differential of the lengths of measured laminations and the earthquake vectors. 

Moreover the earthquake vectors associated to the elements of MC cover T m Tn for all to G Th (see [Ker83]), 
it follows that the differentials of the lengths of the measured laminations cover T^Th- □ 

Note that this argument extends directly to hyperbolic surfaces with cone singularities, when the cone angles 
are less than 7r. In that case the fact that earthquake vectors still span the tangent to Teichmiiller space follows 
from |BS06| . 
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2.5. Proof of Lemma ll.lL Lemma [TTT1 is mostly a consequence of the tools developed by Bonahon in (Bon96, 
Bon98c], We first recall some of his results. Given a lamination A on S, he defined the space H(X,M) of 
real-valued transverse cocycles for A, and proved that it is related to measured laminations in interesting ways. 

• If I G MC and A is a lamination which contains the support of I, then I defines a real- valued transverse 
cocycle on A (see |Bon96] ). 

• Transverse cocycles can be used to define a polyhedral "tangent cone" to MC at a point I. Given a 
lamination A containing the support of I, the transverse cocycles on A satisfying a positivity condition 
(essentially, that the transverse measure remains positive) can be interpreted as "tangent vectors" to 
MC at I, i.e., velocities at of curves in MC starting from I. The laminations containing the support 
of I therefore correspond to the "faces" of the tangent cone to MC at I. 

• There is a well-defined notion of length of a transverse cocycle h for a hyperbolic metric m on S, 
extending the length of a measured lamination. If I G MC then L m is tangentiable at I, if A is a 
lamination containing the support of I, and if h S W(A,R), then L m (h) is equal to the first-order 
variation of L m (l) under the deformation of I given by h. 

Transverse cocycles are also related to pleated surfaces. 

• Transverse cocycle provide "shear coordinates" on Teichmiiller space. Given a "reference" hyperbolic 
metric too G Th and another hyperbolic metric to G Th, there is a unique element ho G W(A,R) such 
that "shearing" too along h yields to. The elements of Ti (A, R) which can be obtained in this way have 
a simple characterization in terms of a positivity condition. 

• Transverse cocycles also describe the bending of a pleated surface: H(X,M./2ttZ) is in one-to-one corre- 
spondence with the space of equivariant pleated surfaces of given induced metrics for which the support 
of the pleating locus is contained in A. 

• Pleated surfaces with pleating locus contained in A are associated to a complex- valued transverse cocycle 
h G H(X, C/2niZ), with real part describing the induced metric (in terms of its "shear coordinates" with 
respect to a given reference metric) and imaginary part describing the bending measure. 

Each pleated equivariant surface in H 3 defines a representation of its fundamental group in PSL{2, C). In 
the neighbhorhood of a convex pleated surface, this representation is the holonomy representation of a complex 
projective structure. If the induced metric and measured bending lamination of the convex pleated surface are 
m G Th and I G MC respectively, if A contains the support of I, and if 1 is the projection of I in H(X, R/27rZ), 
there is a well-defined map from Tt(X, C/27riZ) to CP defined in the neighborhood of il, sending a complex- 
valued transverse cocycle h to the complex projective structure a of the pleated surface obtained from h. This 
map is differentiable, taking its tangent at il yields a map 

A : H{X,C) -^T a CV . 

Theorem 2.4 (Bonahon [Bon98c]). The map 4>\ is complex-linear (with respect to the complex structure on 
CT). 

However, a pleated surface is also described by its induced metric and measured bending lamination, and 
thus an element of Th x MC. Using the map S : Th x MC — > T*Th defined above, we obtain a map, defined 
in the neighborhood of il, from W(A, C/27riZ) to T*Th, which by definition is also differentiable. Taking the 
differential of this map yields another linear map 

V>a :H(X,C) -^T*T H . 

The definitions (and the arguments of [Bon96l IBon98cj ) then show that <j)\ o tp7 is partially equal to the 
tangent map of Gr o <5 _1 , in the following sense. Let to G Th, and let u G T* n Tn, and let (to, X) — 8~ l (m, u) G 
Th x MC. Let then (m,ii) G T( mtU }(T*Tfi), and let I be the tangent vector to MC at I corresponding to ii. 
There is then a lamination A containing the support of both I and I, and <j)\ o ^/>^ 1 (m, u) — T(Gr o <5 -1 )(m, u). 
Its definition shows that 4>\ o ipZ 1 is linear. So, to prove that Gr o S^ 1 is differentiable, it is sufficient to show 
that <j>\ o ijjZ 1 does not depend on A. 

We now consider a fixed lamination A containing the support of I, and a variation (m, it) inducing a variation 
I of I with support contained in A. To (to, I) is associated, through Bonahon's shear-bend coordinates, a complex 
transverse cocycle h G H(X,C), with real part h corresponding to to and imaginary part corresponding to I. 
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The first-order variation of a corresponding to m, <j)\ o ip x 1 (m, 0), is shown in |Bon98c] to be independent of A, 
actually the following is clearly equivalent to Lemma 13 in [Bon98c] . 

Lemma 2.5 (Bonahon). For fixed I £ A4C, the restriction map Gri : T — > CV is C . 

We now focus on I, and on the corresponding imaginary part hi of the transverse cocycle h. We have already 
recalled that L m (hi) = L m (l)' , where the prime denotes the first-order variation under the tangent vector to 
M.L at I corresponding to h\. It follows that for any m' E T m Tn, u(m') — dL.(hi)(m'). However it was proved 
in |Bon96j that dL.{h\){rn') = Uwp{m', e-hi), where oj wp is the Weil-Petersson symplectic form on T H and &h x 
is the tangent vector to T H at m corresponding to the infinitesimal shear along hi. So is the dual of it for 
the symplectic form luh on T*T H , we write this as = u* (the star stands for the Weil-Petersson symplectic 
duality) . 

We can now apply Theorem 12, 4^ and conclude that 

(5) feo^)(0,ii) =Mihi) =iMhi) =i{4>xo^~ 1 )(e hl ,0) = i{4> x o ^ l ){u* = idG n (u*) . 

In particular, (<j)\ o ■0^ 1 )(O,u) is independent of A by Lemma 1X7X1 so that (j>\ o ifj^ 1 is linear, and therefore 
Gr o S^ 1 is differentiable. 

The fact that Gr o S^ 1 is actually C 1 then follows from Theorem 12.41 applied twice, once for the first-order 
variations of the metric and another time, through the composition |(5]), for the first-order variation of u (resp. 

t 

Note that this map GroS 1 is probably not C 2 . This is indicated by the fact, shown by Bonahon in [Bon98c], 
that the composition of the inverse grafting map Gr" 1 : CP — > Th X MC with the projection on the first factor 
is C 1 but not C 2 . 

3. The renormalized volume 

3.1. Definition. We recall in this section, very briefly, the definition and one key property of the renormalized 
volume of a quasifuchsian - or more generally a geometrically finite - hyperbolic 3-manifold; more details can 
be found in [KS08j . The definition can be made as follows. Let M be a quasifuchsian manifold and let K be 
a compact subset which is geodesically convex (any geodesic segment with endpoints in K is contained in K), 
with smooth boundary. 

Definition 3.1. We call 

W{K) = V{K) -\ \ Hda , 
where H is the mean curvature of the boundary of K . 

Actually K defines a metric I* on the boundary of M. For p > 0, let S p be the set of points at distance p 
from K, then (S p ) p> is an equidistant foliation of M \ K. It is then possible to define a metric on dM as 

(6) /* := lim 2e~ 2 % , 

p — >oo 

where I p is the induced metric on S p . Then I* is in the conformal class at infinity of M, which we call Coq. 

Defined in this way, both I* and W are functions of the convex subset K . However K is itself uniquely 
determined by I*, and it is possible to consider If as a function of /*, considered as a metric in dM in the 
conformal class at infinity Coo, although such a metric in Coo is not necessarily associated to a convex subset of 
M. The reason for this is that each metric I* G is associated to a unique foliation of a neighborhood of 
infinity in M by equidistant convex surfaces (S p ) p > Po , see |Eps84, Eps86, Sch02] or Theorem 5.8 in [KS08] (this 
foliation does not always extend to p — * 0, which would mean that it is the equidistant foliation from a convex 
subset with boundary So). 

To understand the construction of W in this setting we need to revert to another definition of the renormalized 
volume as it is defined for higher-dimensional conformally compact Einstein manifolds. If V p is the volume of 
the set of points of M at distance at most p from K, then V p behaves as p — > oo as 

V p = V 2 e 2 ? + Vip + V + e{p) , 
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where lim e = 0. It is proved by C. Epstein in [PP01] (see also [KS07] ) that Vo — W (as denned above) is equal 
to Vo, while V\ depends only on the topology of M (it is equal to — irx(dM)). Suppose now that K is replaced 

by 

K r = {x E M | d(K, x) < r} . 
Let V p be the volume of the set of points at distance at most p from K r , then clearly 

V p = Vp +r = V 2 e 2[p+r) +V 1 (p + r) + V = {V 2 e 2r )e 2p + Vip + (Vo + Vir) + e(p) , 

so that Vq is replaced by Vq = Vq + V\r. This means that W can be read off from any of the surfaces V p , since, 
for any p > 0, 

W = V p - - { Hda + n X {dM)p . 
4 Js P 

Starting from a metric I* in the conformal class at infinity c,^ , there is an associated equidistant foliation by 
convex surfaces {Sp) p > Po of a neighborhood of infinity in M, and the previous formula can be used to define W 
even if the foliation does not extend to p — > 0. As a consequence, W defines a function, still called W, which, 
to any metric I* 6 Coc, associates a real number W(I*). 

Lemma 3.2 (Krasnov jKraOO], Takhtajan, Teo [TT03j, see also [TZ87J). Over the space of metrics I* e of 
fixed area, W has a unique maximum, which is obtained when I* has constant curvature. 

This, along with the Bers double uniformization theorem, defines a function Vr : T(dM) — > M, sending a 
conformal structure on the boundary of M to the maximum value of W(I*) when I* is in the fixed conformal 
class of metrics and is restricted to have area equal to —2-kx{9M). This number Vr is called the renormalized 
volume of M. 

3.2. The first variation of the renormalized volume. The first variation of the renormalized volume 
involves a kind of Schlafli formula, in which some terms appear that need to be defined. One such term is the 
second fundamental form at infinity E* associated to an equidistant foliation in a neighbourhood of infinity, as 
in the previous subsection. The definition comes from the following lemma, taken from [KS08J. 

Lemma 3.3. Given an equidistant foliation as above, there is a unique bilinear symmetric 2-form H* on dM 
such that, for p > po, 

I p = i(e 2 T + 2E* + e- 2p M*) , 

where M* = E^I^E*, that is, M* = I*(B*-,B*-) where B* : TdM -> TdM is the bundle morphism, self- 
adjoint for I* , such that E* = I*(B*-, •). 

The first variation of W under a deformation of M or of the equidistant foliation is given by another lemma 
from |KS08j . which can be seen as a version "at infinity" of the Schlafli formula for hyperbolic manifolds with 
boundary found in [RSOOl [RS99] . 

Lemma 3.4. Under a first- order deformation of the hyperbolic metric on M or of the equidistant foliation close 
to infinity, the first-order variation ofW is given by 

dW = -\ [ IdE* - ^-dP,P) da* , 
4 JdM \ 2 / 

where H* := tr{B*) and da* is the area form of I* . 

The "second fundamental form at infinity", E* , is actually quite similar to the usual second fundamental form 
of a surface. It satisfies the Codazzi equation 

d v " E* = , 

where V* is the Levi-Civita connection of I*, as well as a modified form of the Gauss equation, 

txi,{E*) = -K* , 

where K* is the curvature of I*. The proof can again be found in pKS08] (section5). A direct consequence is 
that, if I* has constant curvature —1, the trace-less part Eq of E* is the real part of a holomorphic quadratic 
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differential on dM for the complex structure of I*. In addition, the first-order variation of Vr follows from 
Lemma 13.41 

Lemma 3.5. In a first-order deformation of M , 



This statement is very close in spirit to Lemma 12.21 with the dual volume of the convex core replaced by 
the renormalized volume. The right-hand term is, up to the factor —1/4, the Liouville form on the cotangent 
bundle T*T c (dM). 

A simple proof of Theorem ] 1.51 We have just seen that dVn coincides (up to the constant —1/4) with the 
Liouville form of T*T c (dM) on j{G). It follows that the symplectic form of T*T c {dM) vanishes on j(Q(dM)), 
which is precisely the statement of the theorem. □ 



4.1. Definition. We consider in this part yet another notion of volume, defined for (geometrically finite) 
hyperbolic ends rather than for hyperbolic manifolds. Here we consider a hyperbolic end M. The definition of 
the renormalized volume can be used in this setting, leading to the relative volume of the end. We will write 
that a geodesically convex subset K C M is a collar if it is relatively compact and contains the metric boundary 
doM of M (possibly all geodesically convex relatively compact subsets of M are collars, but it is not necessary 
to consider this question here). Then dK n M is a locally convex surface in M. 

The relative volume of M is related both to the (dual) volume of the convex core and to the renormalized 
volume; it is defined as the renormalized volume, but starting from the metric boundary of the hyperbolic end. 
We follow the same path as for the renormalized volume and start from a collar K C M. We set 



* J dK * 

where H is the mean curvature of the boundary of K, [i is the induced metric on the metric boundary of M, 
and A is its measured bending lamination. 

As for the renormalized volume we define the metric at infinity as 



where I p is the set of points at distance p from K. The conformal structure of I* is equal to the canonical 
conformal structure at infinity Coo of M. 

Here again, W only depends on I*. Not all metrics in Coo can be obtained from a compact subset of E, 
however all metrics do define an equidistant foliation close to infinity in E, and it still possible to define W(I*) 
even when I* is not obtained from a convex subset of M. So W defines a function, still called W, from the 
conformal class Coo to K. 

Lemma 4.1. For fixed area of I* , W is maximal exactly when I* has constant curvature. 

The proof follows directly from the arguments used in |KS08j (section 7) so we do not repeat the proof 
here. This proof takes place entirely on the boundary at infinity so that considering a hyperbolic end or a 
geometrically finite hyperbolic manifold has no impact. 

Definition 4.2. The relative volume Vr, of M is W(I*) when I* is the hyperbolic metric in the conformal class 
at infinity on M. 

4.2. The first variation of the relative volume. 

Proposition 4.3. Under a first-order variation of the hyperbolic end, the first-order variation of the relative 
volume is given by 




4. The relative volume of hyperbolic ends 




I* : 



lim 2e~ 2p I l 



p > 



(7) 
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The proof is based on the arguments described above, both for the first variation of the renormalized volume 
and for the first variation of the volume of the convex core. Some preliminary definitions are required. 

Definition 4.4. A polyhedral collar in a hyperbolic end M is a collar K C M such that dK n M is a 
polyhedral surface. 

Lemma 4.5. Let K be a polyhedral collar in M , let L e , 9 e be the length and the exterior dihedral angle of edge 
e in dK n M, In any deformation of E, the first-order variation of the measured bending lamination on the 
metric boundary of M is given by a transverse Holder distribution A'. The first-order variation of the volume 
of K is given by 

e 

Proof. This is very close in spirit to the main result of [Bon98a], with the difference that here we consider a 
compact domain bounded on one side by a pleated surface, on the other by a polyhedral surface. The argument 
of |Bon98a] can be followed line by line, keeping one surface polyhedral (of fixed combinatorics, say) while on 
the other boundary component the approximation arguments of [Bon98aj can be used. □ 

Corollary 4.6. Let V*(K) := V(K) + (l/2)i (tl (A), then, in any deformation of K 

2V*' = J2 L ed6e + L'^\) . 

e 

Proof. We have seen in the proof of Lemma [2TT1 that L f _ l (X)' = L' (X) + L f _ l (X'). So the corollary follows from 
Lemma l4~5l exactly as Lemma [2T21 follows from Lemma [2TT1 □ 

It is possible to define the renormalized volume of the complement of a polyhedral collar in a hyperbolic end, 
in the same way as for quasifuchsian manifolds above. Let C be a closed polyhedral collar in the hyperbolic 
end M, and let D be its complement. Let K' be a compact geodesically convex subset of M containing C in 
its interior, and let K :— K' D. We define 

W{K) = V(K) - - f Hda . 

In addition K defines a metric at infinity, I*, according to ([6]), and the arguments explained after Lemma 3.1 
show that K is uniquely determined by I* , so that W can be considered as a function of I* , a metric in the 
conformal class at infinity of M. (In general, as explained in subsection I3.1[ I* only defines an equidistant 
foliation near infinity which might not extend all the way to K .) The first-variation of W with respect to I* 
shows (as in |KS08j ) that W(I*) is maximal, under the constraint that I* has fixed area, if and only if I* has 
constant curvature. We then define the renormalized volume Vr(D) as the value of this maximum. 

Lemma 4.7. Under a first- order deformation of D, the first- order variation of its renormalized volume is given 
by 

Vr{D)' = -\ [ {E*,I*')da*+ l -Y. L ^ e - 

Here L e and 8 e are the length and exterior dihedral angle of edge e of the (polyhedral) boundary of D. 

Proof. The proof can be obtained by following the argument used in |KS08| , the fact that D is not complete 
and has a polyhedral boundary just adds some terms relative to this polyhedral boundary in the variations 
formulae. □ 



Proof of Proposition \4-3\ The statement follows directly from Corollary 14.61 applied to a polyhedral collar and 
from Lemma 14771 applied to its complement, since the terms corresponding to the polyhedral boundary between 
the two cancel. □ 
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4.3. Proof of Theorem ll.2L Since hyperbolic ends are in one-to-one correspondence with CP 1 -structures, we 
can consider the relative volume Vr as a function on CV. Let (3h (resp. /3c) be the Liouville form on T*Th 
(resp. T*Tc). We can consider the composition 6 o Gr^ 1 : CV — > T*Th, it is C 1 and it pulls back (3h as 

(SoGr- 1 y/3 H = L^(X) . 

Under the identification of CV with T*Tq through the Schwarzian derivative, the expression of 0c is 

Pc= [ {P',E*)da* . 

So Proposition 14.31 can be formulated as 

dV R = ~(6oGr- 1 rp H - j/3 c , 
and it follows that 2(5 o Gr^ 1 )*ojff = u>c- 

4.4. The Fuchsian slice vs Bers slices. Here we prove for the reader's convenience that the identification 
considered here between CP and T*Tc, based on the Fuchsian slice, determines the same symplectic structure 
on CV as the identification based on a Bers slice, as used e.g. in |Kaw96| . We consider a fixed conformal 
structure c_ G T. Then, for each c S T, we call a c _ (c) the complex projective structure on the upper boundary 
at infinity of the (unique) quasifuchsian manifold for which the lower conformal metric at infinity is c_ and the 
upper conformal metric at infinity is c. The Schwarzian derivative of the identity map from (5, cr c _ ) to (S, a) 
is a holomorphic quadratic differential on S, and can be considered as a point of the (complexified) cotangent 
space T*Tc- Taking its real part defines a map from CV to T*Tc, which we can use to pull back the cotangent 
symplectic map on T*Tc to a symplectic form u c _ on CV. Recall that the symplectic form ujc considered in 
the paper is obtained in the same manner, but using the Fuchsian complex projective structure <jq rather than 
the complex projective structure of the Bers slice a c _ . 

Lemma 4.8. lu c _ = loc- 

Proof. Consider a £ CV and let c be its underlying complex structure, let ao(a) = S(Id : (S, co(c)) ~~ * (S, c)), 
and let a c _ (cr) = S(Id : (S,a c _(c)) — > (S,a)). Both ao(a) and a c _ (a) can be considered as vectors in the 
(complexified) cotangent space T*Tc- The properties of the Schwarzian derivative under composition show that 
ao(a) — a c _ (a) = S(Id : (S, ao(c)) — > (5, a c _ (c))). So cto(a) — a c _ (a) depends only on the underlying complex 
structure c of a (and on c_), and it defines a section of the complexified cotangent bundle T*7p. By definition 
this is precisely the section called 9 C _ in [KS08] (after Theorem 8.8). 

Still by construction, u c _ — ojc = Re(da c _ — da ) = Re(d9 c _). According to Proposition 8.9 of [KS08], 
d6 c _ does not depend on c_ . So d8 c _ can be computed by choosing c_ = c (fixed) . An explicit computation is 
possible, see Proposition 8.10 in [KS08], it shows that for any two tangent vectors AT, Y £ T c Tc, 

(D x Re(8 c _))(Y) = (X,Y) WP , 

and it follows that d(Re(9 c _)) — 0. So uj c _ — loq as claimed. □ 
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